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In calculating ground losses for antennas with a ground-wire system, it is necessary to 
know the vertical electric-field strength and the tangential magnetic-field strength at the 
surface of the ground. 

In this paper the vertical electric-field strength at thc^ gromid plane near tlu^ basc^ of an 
electrically short vertical antenna with a top loading in the shape of a circular disk is calcu- 
lated. Numerical computations are carried out to some extent. 



1, Introduction 

The losses in the ground around antennas with a 
ground-wire s^^stem may be considered to consist of 
two kinds of losses, the fl^-field losses and the £'-field 
losses. 

The ^-field losses arise from the hoi-izon tally 
ground currents, which are numerically ecjual to the 
tangential magnetic-field strength, //-field losses 
have been treated, for example, by Abbott [1952] 
and by Knudsen [1959]. 

The existence of the E-fwld losses was poijited out 
by Wait [1958], who showed that transverse currents 
proportional to the vertical electric-field strength 
just above the ground gave rise to additional losses. 

Usually in investigations of the losses around 
antennas with a ground-wire system the £'-field 
losses are omitted because they are considered neg- 
ligible as compared to the /Z^-field losses. However, 
as was pointed out by Wait [1958], this may not be 
justified for monopole antennas with a top loading. 
It might therefore be of interest to examine and com- 
pare the two kinds of losses for a top-loaded antenna. 

In order to make such an investigation of the 
magnitude of the E- and //-field losses it is necessary 
to know the tangential magnetic and the vertical 
electric-field strengths at the ground plane around 
the anteima in consideration. 

These field strengths have been calculated for an 
electrically short vertical monopole with a top 
loading consisting of one, two, or foiu* horizontal 
wires by Knudsen [1959] and by Knudsen and 
Larsen [I960]. 

For the disk-loaded monopole, which has the 
advantage over the wire-loaded antennas of rota- 
tional symmetry, only the magnetic-field strength has 
been calculated [Wait, 1959]. 

It is the purpose of this note to supplement the 
above-mentioned calculations with a calculation of 
the vertical electric-field strength at the ground 



plane around an electrically small disk-loaded mono- 
pole, so that the necessary jnatei'ial foi' an investi- 
gation of the losses arouiul top-loaded anteniuis of 
the mentioned types is availalxlo. 

2. Geometry and Current Distribution 

The disk-loaded anteinia is shown in figure 1 . it 
consists of a vertical wir(^ of lengtli h and a top load- 
ing in the shape of a horizontal circular disk of 
radius a. 

We introduce a cyliiulrical coordinate system 
(p,0,£') with the s-axis pointing vertically down- 
wards. The vertical wire extends from the ])()int 
2=h on tlie ^-axis to the origin () which is also the 
center of tlu^ top loading. The plane z = h coincides 
with the ground plane. Further, we introduce a 
spherical coordinate system (r,^,</)) with the origin 
O and the axis 6=0 pointing vertically downwards. 
Finally we introduce the polar coordinates (/'i, 0i) to 
the variable point S on the disk. 




-^ 9 
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FiGUKE 1. Coordinate systems for monopole with disk-loading. 
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We shall follow Wait [1959] in making the follow- 
ing assumptions regarding the current distribution. 

1. The current distribution on the disk is quad- 
ratic, i.e., the surface current density 

where r^ denotes a unit vector coparallel to the 
vector OS, is given by 



-<'-'=^[-e)i- 



where /o is the current at O. 

2. The current flowing in the vertical wire is 
constant and equal to /q. 

3. Field of the Disk Loading 

In this section we shall calculate the vertical 
component Ef^z=h) of the electric field strength at 
the ground plane due to the current flowing on the 
disk loading. 

So far, we do not take into consideration the influ- 
ence of the ground plane. Using as time factor 
^-ioit^ we may express the Hertz vector at a point 
P{pfi,z) due to the currents on the disk as 

47^^coeo Jdisk ^ 

where /:=27r/wavelength, €o=8.854 -10"^^ F/m, and 
where E denotes the distancej)etween S and P, i.e., 
between the current element Kds and the field point. 

We now make the assumption that the greatest 
dimension of the antenna system can be considered 
small as compared to the wavelength. 

For field points in the neighborhood of the disk 
we then have e^^^^l. Hence, 



n= 



47r'iicoeo 



-X f 1 

i(^^Q J disk R 



Kds. 



From the symmetry, it can be seen that the Hertz 
vector at P n^IIpp+II^^^+n^^, where p,$,l denote 
unit vectors, has vanishing 0- and ^-components. 
We then have 



n. 



4x1 



-1 r 1 

-. — -^ cos (1)1 K(ri)ds 

i^€o Jdisk/v 



-/o 



4cTicO€o 



JoTr"''^'['"(aT]''"^''^''" 



where 



R=-y/r^-\-rl—2rri cosy, 
with cos 7=cos d cos ^i+sin 6 sin di cos ^i, where ^1=^5* 



We now introduce the expansion 

'J2 S (2-81,) gx^;i^(cos e)P^(cos e,) 
U n=om=o {n-\-m)i 



cos m</)iH 



y.n+1 



n+l 



ri^r 



where 8^=1 if m = and 6^=0 if m^O, and where 
P^ are associated Legendre polynomials. 
We hereby obtain 



■'•=5sri,T['-©']5,S/'-« 



P'^ (cos d)P'^ (0) cos m0i cos ^iTih 



n+l 



1 



(n— m) ! 
(71+ m)! 



yd(j>idri 



Vi^r 






(0) 



n+1) 



Pi (cos 6) -< 



' 1 



ydri 



r'^Vi 



ri>r 



(1) 



The electric-field intensity E^*^ may now be obtained 

by 

Since the Hertz vector has vanishing <j>- and z- 
components, the vertical component E'/ of E'" is 
given by 

p dz ' dpd2 



^„_idn. 



or, expressed in spherical coordinates, 

cot 6 cos2 d bHp 2 cos^ 6 bHp , sin 26 d^Hp 



E'/=- 



dr 



r^ do 
cos 26 d'Hp 



drd(9 



2 dr^ 

sin 26 d'Hp 
2r' c>6' 



(2) 



In the following calculations we shall treat sepa- 
rately the two cases : 

1 . The field point P is situated outside a sphere of 
radius a and center 0. 

2. The field point P is situated inside a sphere of 
radius a and center 0. 
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1. r'^a 

In this case we obtain from (1) 



n„ 






Inserting (3) in (2) gives 



Pkicosd). 



(3) 



E'/=- 



-h 






7«+l 



n(o) 



27riajeo sin 6>;^or^+^ (7i+l)(7^+3) 

[Pi+i(cos 6>) — cos (9PJ,+2(cos d)]. 

Using the fornuila 

P;^+i(cosi9) — cosi9P;^+2(cosi9) = — sini9(?i+2)P,,+2(cos^), 

where Pn+2 is the Legendre polynomial of order 

2. r^a 

In this case we obtain from (1) 



71+2, the above expression may be rewritten 



E' 



"d 






n+2 



2Wco€o^or^+' {n+l){n+'^) 



-PU0)P.+2(cos^). (4) 



We are interested only in the value of E^^ at z=h. 

Therefore, we insert in (4) r= -• The influence 

' ^ cos ^ 

of the earth, which is assumed to be perfectly con- 
ducting, may now be taken into consideration by 
adding to (E'/),=n the field (E'/^),=n of the mirror 
image. We hereby obtain 



(E|)^=n=(E:').,n+{En..n 
= 2(E'/),., 

7^^coeo 



/q 1 J. /fflV 



n+2 



cos''+3 e PiiO)P^+i(cos 6)2 (r^ a) . (5) 



n.=i^j.^-«-«){j:;jt.[>-e)i-.+j:.i^[-e)]"'.} 

ria)co;^i7i('^+l) ^^'^'^''^^ \Va/ n(7i-2) W (7i+3)(72,-2)^n(/i + l)/ 



47rn 



The term n=2 in (6) vanishes as tlie two integrals 
are finite, and P^(0)=0. The term ^=0 in (6) 
vanishes as the two integrals are finite, and 



(6) 
(7) 



Pi(0)PKcos e) 



-^0 as?^-^0.* 



2n+l 



Inserting (7) in (2) gives 

e:' =j^ cot df]pm J^Piicose)l-,, , ^., ^,, 

719^2 

+L2(.-1) -^-^--7^J)J+^^.i(cos^) [^(cos^(2n+l) L^^(;^Z:2) ^-o^^+P^ 



; (cos^^ [2(1-2/1) ^+r.('^+l) i,+ (l-,,)(,,_2) ^] 



1 



cos^r?;— 2 






1 



27Z,+ 



7^(72,-2) a'{n-^'S){n 



1 1 27^+1 -]\ 

.-2)"^r27i(7^+l)j/ ^""^ 



We are interested only in the value of E'/ at 

z^h. Therefore, we insert in (8) r=^ -• The 

' ^ cos ^ 

influence of the earth, which is assumed to be per- 
fectly conducting, may now be taken into considera- 
tion by adding to (E',^),=n the field iE'/'^),=n of the 



*See appendix. 
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mirror image. We hereby obtain 

(iff) ,.,=(£:'') ,.,+(£;:"').=. 



=2{E','), 



__ -/q cot 9 ^ PUP) 
2iriwia h^ ^i n{n+l) {n—2) 



{n 



(cos 



2/1+1 



n 



m 



cos- ^+2 2[ (1-2/1) cos2 d+n—1] 



+(JJ n [{n+\) cos2 ^-l]-cos2 e{n-2)[{n-l) cos^ ^+1]]+^ [n+i(cos ^) ^ [(^)' 
cos-^+2 ^ (71+ 3) [2 (2/1+1) cos2|9-n]+('-Y27i(2/?.+ l)[l-(7i+3) cos' ^]+cos'* ^ 2(2/i,+ l)(/^+3)(/i-2)1 
~P,i+2(cos 6>)r('^Ycos-^+2 (9 2(/^+l)(/i+3)-('^Y7i(/i,+l)(2/i+l)+cos2 6/(n+3)(/i-2)(2/i+l)11 V- 



(r^a). 

For r=a the above expression checks with (5). 

4. Field of the Vertical Wire 

The vertical component E%(^z=f^) of the electric- 
field strength at the ground plane in the neighborhood 
of an electrically short vertical wire of length h 
carrying a constant current /q is given [Knudsen, 
1960] by 

^•'■■»=2^i-['+(f)T'- <■'» 

5. Numerical Results 



In order to make the field-strength expressions 
dimensionless we define 



^zlz = 



C0€o 



z{z=h)- 



T ^ ■^Z{Z = h)' 

J-0 



(11) 



Numerical computations of the normalized vertical 
components ez^^^n) of the electric field at the ground 
plane due to the currents on the disk and on the 
vertical wire have been carried out in the following 
cases : 

1. The length of the vertical wire is twice the 

radius of the disk, i.e., -=2. 
a 

2. The length of the vertical wire is equal to the 

radius of the disk, i.e., -=1. 
a 

In both cases r^a. Hence, in the computation of 
^tiz=h)j formula (5) in connection with (11) apply. 



(9) 



The two above-mentioned values of - are the same 

a 

as those used by Wait [1959] in his computations. 
In his paper Wait also gives curves for -—0.6 and 

-=0.4. Therefore, it might have been desirable in 
a 

the present investigation to include computations 
in these cases, too. However, it turns out that for 

these values of -; r^afor some points on the ground, 

so that in the computation of ^2(2=7^) one should apply 
formula (9), which, unfortunately, for the parameter 
values in consideration, converges rather slowly. 

So the cases -=0.6 and - 0.4 have been omitted. 
a a 

In figure 2 curves showing the imaginary unit times 
the vertical component of the normalized electric- 
field strength as a function of the relative horizontal 

distance - from the base of the vertical antenna are 
a 

plotted. 

For -=2 there is a shift in sign for e 

and for -=1 there is a shift in sign for e\(^z=n) 



z{z=h) ^^ „" 



1.7, 



at 



^«1.0. 



Shnilar shifts in sign for the vertical 

component of the electric-field strength at the ground 
plane due to the current in a top loading consisting 
of one, two, or four horizontal wires was found by 
Knudsen and Larsen [I960]. 
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Figure 2. Vertical electric field strength at the ground plane around a disk-loaded monopole. 
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6, Conclusion 

Formulas have been derived for the vertical 
electric-field strength at the ground plane near an 
electrically small disk-loaded monopole, and nu- 
merical computations have been carried out in the 
cases of the height of the vertical member being 
equal to the radius of the disk and the height of the 
vertical member being twice the radius of the disk, 
respectively. 

In both cases the field strength due to the top 
loading is of the same order of magnitude, but 
smaller than the field strength due to the vertical 
member for points of the ground plane situated just 
below the disk, while for points at a greater distance 
from the antenna base the field from the top loading- 
is negligible as compared to the field from the 
vertical member. As could be expected, the ratio 
between the numerical values of the field strength 
due to the disk and the field strength due to the 
vertical member is largest for the larger disk in the 
whole area around the antennas. 

7. Appendix 



We shall examine the expression - P!^(0)P|^ (cos ^) as 
n^>0. Due to I/HospitaPs rule we have 






bn 



[Pi{0)Pi(cosd)] 



c>n 



(n) 



=[PU0) ^Pi(cosd)+P].(cos 6) ^p.(o)]^_ =0, 



smce 



pi(cos6')=0,andr-^P},Xcos6') I is limited [Tsu,1960]. 



This investigation was carried out by means of a 
support from the Air Force Cambridge Research 
Center, U.S. Air Force. 
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